We use the method of Weyl-gauging in the determination of the Wess-Zumino conformal anomaly action to show that in any even (d = 2k) dimensions all the hierarchy of correlation functions involving traces of the energy-momentum tensor is determined in terms of those of lower orders, up to 2k. We work out explicitly the case d = 4, and show that in this case in any conformal field theory only the first 4 traced correlators are independent. All the remaining correlators are recursively generated by the first 4. The result is a consequence of the cocycle condition which defines the Wess-Zumino action and of the finite order of its dilaton interactions.
Introduction
The computation of correlation functions involving multiple traces of the stress-energy tensor in a generic conformal field theory is crucial for several applications, from the analysis of graviton vertices to studies of the ADS/CFT correspondence [1] , being directly related to the conformal anomaly.
We recall that in a generic field theory, defining the generating functional of the theory W as
where S is the generic euclidean action depending on the set of all the quantum fields (Φ) and on the background metric (g), the energy-momentum tensor (EMT) is given by
and contains the response to the metric fluctuations. Here g x ≡ |g µν (x)| is the determinant of the metric tensor. For conformal field theories coupled to a background metric g µν (x) the anomaly condition takes the form
where the presence of the subscript g indicates a gravitational background. An anomalous relation of the form (3) holds in any even dimensions. The anomaly functional for d = 4 dimensions in the Dimensional Regularization (DR) scheme is defined by
where F is the squared four-dimensional Weyl tensor and G the Euler density, both defined in the appendix. The index I runs over three kinds of fields, where S, F and V refer to scalars, fermions and abelian gauge bosons, determining their contribution to the anomaly through the anomaly coefficients β a/b . In general, multiple stressenergy tensor correlators can be defined in various ways, differing by contact terms [12] . These depend on the positions of the g − 1 2 factors entering in the definition of the EMT respect to the functional derivatives. We choose to define the Green function of n EMT's in flat space in the completely symmetric fashion as
δg µ1ν1 (x 1 ) . . . . . . δg µnνn (x n ) gµν =δµν .
It is also useful to introduce some notation to denote the functional derivatives with respect to the metric of generic functionals in the limit of a flat background [f (x)] µ1ν1...µnνn (x 1 , . . . , x n ) ≡ δ n f (x) δg µnνn (x n ) . . . δg µ1ν1 (x 1 ) gµν =δµν (6) and the corresponding expression with traced indices
µ1...µn µ1...νn (x 1 , x 2 , . . . , x n ) ≡ δ µ1ν1 . . . δ µnνn [f (x)] µ1ν1...µnνn (x 1 , . . . , x n ) ,
where the curved euclidean metric g µν is replaced by δ µν . It is clear that, in any conformal field theory in even dimensions, the only object which plays a role in the determination of the traces of these correlators is the anomaly functional, as one can realize by a direct computation.
Specifically, from (3) one can derive trace identities for the n-point correlation functions. In fact, in momentum space the entire hierarchy, which is generated by functional differentiation of (3), takes the form
In the expression above we have introduced the notation T ≡ T µ µ to denote the trace of the EMT. All the momenta characterizing the vertex are taken as incoming, just as specified in the appendix. The identity (8) relates a n-point correlator to correlators of order n − 1, together with the completely traced derivatives of the anomaly functionals √ g F, √ g G and √ g R. For √ g F , which is a conformal invariant, they are identically zero. For √ g G these are nonvanishing at any arbitrary order n ≥ 3, whereas √ g R contributes also to the trace of the two-point function. Therefore Eq. (8) defines an open hierarchy, which involves on the right-hand-side all the derivatives of the anomaly functional.
Effective actions and anomaly-induced actions
Our goal is to show that the structure of the hierarchy is entirely fixed just by the first four correlators, using as starting relation the cocycle condition satisfied by the Wess-Zumino anomaly-induced action. We recall that a Wess-Zumino action is constructed by solving the constraints coming from the conformal anomaly and differs from the effective action computed, for example, by using ordinary perturbation theory to integrate out the matter fields.
For instance, direct computations of several correlators [3] [4] have shown that these are in agreement with the expression predicted by the non-local anomaly action proposed by Riegert [2] . In this respect the Wess-Zumino and the Riegert's action show significantly different features.
For instance, a Wess-Zumino form of the non-local anomaly action is regained from Reigert's expression only at the cost of sacrificing covariance, by the choice of a fiducial metric [6] . However, the Wess-Zumino action, which solves the anomaly constraint by using an extra field, the dilaton, plays a key role in order to extract information on some significant implications of the anomaly, as we are going to show.
We will derive this action from the Weyl-gauging of the anomaly counterterms in DR [8] . We will be using the term renormalized action to denote the anomaly-induced action which is given by the sum of the Weyl-invariant (non anomalous) terms, denoted by Γ 0 , and of the DR counterterms Γ Ct which one extracts in ordinary perturbation theory [8] . These are expressed in terms of the square of the Weyl tensor F and of the Euler density G. Explicitly
where the dependence on the dilaton τ in Γ 0 is generated by the Weyl-gauging of diffeomorphism invariant functionals of the metric. This action correctly reproduces the anomaly, which is generated by the Weyl variation of Γ Ct . Generically, the cocycle condition summarizes the response of the functional Γ under a Weyl-gauging of the metric
where Ω(x) ≡ τ (x)/Λ defines the local Weyl scaling of the background metric, with τ (x) being the dilaton field and Λ a conformal scale. The change in g µν due to a Weyl transformation is compensated by the shift of τ , as we will specify below. In particular, defining the Weyl-gauged renormalized effective action
as we are going to show, the Wess-Zumino action will be identified from the relation
Here Γ W Z [g, τ ] is the Wess-Zumino action, whose Weyl variation equals the trace anomaly. Notice thatΓ ren [g, τ ], as one can immediately realize, is Weyl invariant by construction, being a functional only ofĝ. We will come back to illustrate this point below.
We will proceed with a rather general derivation of Γ W Z for d = 4, which is quartic in the dilaton field τ . In particular, we will determine the most general structure of the effective action in the DR scheme, with the inclusion of the finite counterterms in Γ Ct . The vanishing of all the dilaton interactions in Γ W Z above the 4-th order ones ensures that the hierarchy (8) can be expressed only in terms of 2-, 3-and 4-point functions of traced stress-energy tensors, proving our result. Our approach, as one can easily figure out, can be extended to any even spacetime dimensions, with the obvious change of the anomaly functional in (8) , and can be used to infer the structure of the hierarchy of the traced correlators and of the Wess-Zumino action in an independent way. This work is organized as follows. We start by reviewing the procedure of the Weyl-gauging for the determination of the Wess-Zumino anomaly action, which is identified directly from the gauging of the counterterms. This point has been previously discussed in a cohomological context in [5] . At this preliminary stage τ is just introduced as a compensator field, but the inclusion of kinetic terms for the same field, identified by the infinite sequence of Weyl invariants J n (ĝ) constructed fromĝ µν , renders the dilaton dynamical.
These contributions introduce interactions of any order in τ but, as they are Weyl invariant, do not play any role in the identification of the constraints on the purely anomalous traces of the EMT's. As an explicit application of our method, we present the structure of the traced 5-point function of EMT's, computed by requiring the vanishing of the 5-dilaton interactions in Γ W Z . For completeness, we have included in an appendix a brief review of the Noether method for the derivation of Γ W Z , which is alternative to our approach and allows a useful cross-check of our results. A simpler application of our procedure in two dimensions can also be found in the appendix.
Weyl-gauging and the Wess-Zumino action
We briefly overview the method of Weyl-gauging (see [7, 10, 11] ).
The metric tensor g µν (x), the vierbein V a ρ (x) and the fields Φ change under Weyl scalings according to
with σ(x) being a dimensionless function parameterizing a local Weyl transformation. Here d Φ is the scaling dimension of the generic field Φ, the latin suffix a in V aρ denotes the flat local index, while the greek indices are the curved indices of the spacetime manifold. A way to build a Weyl invariant theory containing the fields in (13) is to apply the so called Weyl-gauging procedure, which consists in making the metric tensor, the vierbein and the fields Φ Weyl invariant through the substitution given in Eq. (10) together with
and takes the form of field-enlarging transformations.
Under a Weyl scaling (13), the dilaton τ shifts as a Goldstone mode
In the case of the conformal anomaly as well as in a U (1) gauge anomaly (cured with a Stuckelberg field, i.e. an axion), a field enlarging transformation, in the presence of a continuous symmetry, has no particular meaning unless the shift symmetry is broken.
In the gauge anomaly case, Stuckelberg fields are introduced to restore the gauge invariance and acquire a physical meaning only in the presence of a Higgs-Stuckelberg mixing potential (Higgs-axion mixing) [9] . They shift as Goldstone modes and couple to the anomaly, as in the case of τ .
On the other hand, in the conformal case the anomaly does not need necessarily to be canceled and the presence both of a kinetic term for the dilaton and of a linear coupling to the anomaly is sufficient to ensure the appearance of a massless but physical mode in the spectrum. Also in this case the dilaton is coupled by construction to the divergence of the broken dilatation current J D (∼ τ ∂ · J D = τ A), as evident from the Noether construction reviewed in the appendix.
The dynamical dilaton
From (13) and (14) it also follows rather trivially that any diffeomorphism-invariant functional of the field-enlarged metricĝ µν is Weyl invariant. According to the same equations, τ is a compensator field, which becomes dynamical as soon as we include some possible derivative terms for it. By applying the Weyl-gauging procedure to all the infinite set of diffeomorphism invariant functionals which can be built out of the metric tensor and of increasing mass dimension, one can identify the homogenous terms of the anomaly action. Beside, there will be the anomalous contributions, which are accounted for by the Wess-Zumino action. The latter can be added in order to identify a consistent anomaly action. As we have already mentioned, the ambiguity intrinsic to the choice of the homogeneous terms is irrelevant in the determination of the structure of the hierarchy (8) .
The Weyl invariant terms may take the form of any scalar contraction ofR µνρσ ,R µν andR and can be classified by their mass dimension. Typical examples are
and so forth, with the case n = 1 describing the relevant operator in the infrared which reproduces the kinetic term of the dilaton. These terms can be included into
which describes the non anomalous part of the renormalized action
The leading contribution to Γ 0 is the kinetic term for the dilaton, which can be obtained in two ways. The first method is to consider the Weyl-gauged Einstein-Hilbert term
with the inclusion of an appropriate normalization
which reverts the sign in front of the Einstein term. We recall that the extraction of a conformal factor (σ) from the Einstein-Hilbert term from a fiducial metricḡ µν (g µν =ḡ µν eσ) generates a kinetic term for (σ) which is ghost-like. In this case the non-local anomaly action, which in perturbation theory takes Riegert's form [2] , can be rewritten in the Wess-Zumino form but at the cost of sacrificing covariance, due to the specific choice of the fiducial metric.
We have attached to the action (19) a "(2)" superscript to indicate that it reproduces terms which are quadratic in the derivatives.
An alternative method consists in writing down the usual conformal invariant action for a scalar field χ in a curved background
By the field redefinition
which, for d = 4, reduces to the familiar form
and coincides with the previous expression (19), obtained from the formal Weyl invariant construction.
In four dimensions we can build the following possible subleading contributions (in 1/Λ) to the effective action which, when gauged, can contribute to the fourth order dilaton action
The fourth term (∼ R) is just a total divergence, whereas two of the remaining three terms can be traded for the squared Weyl tensor F and the Euler density G. As √ g F is Weyl invariant and G is a topological term, neither of them contributes, when gauged according to (14) , so that the only non vanishing four-derivative term in the dilaton effective action in four dimensions is
with γ a dimensionless constant. If we also include a possible cosmological constant term, S
τ , we get the final form of the dilaton effective action in d = 4 up to order four in the derivatives of the metric tensor
where the ellipsis refer to additional operators which are suppressed in 1/Λ. In flat space (g µν → δ µν ), (24) becomes
where the ellipsis refer to higher dimensional contributions. In general we can identify Γ 0 [ĝ] with S τ as given in (25), thereby fixing the Weyl invariant contribution to Γ ren .
The counterterms
Having briefly reviewed the structure of the Weyl invariant operators in the dilaton effective action Γ ren , we move to discuss the anomalous contributions. The standard approach followed in the derivation of the WZ anomaly action is the Noether method, in which τ is linearly coupled to the anomaly. Further terms are then introduced in order to correct for the non invariance under Weyl transformations of the anomaly functional itself. The approach, though very practical, does not make transparent the functional dependence of the Wess-Zumino action on the Weyl invariant metricĝ µν , which motivates our analysis. Here, instead, we proceed with a construction of the same effective action by applying the Weyl-gauging procedure to the renormalized effective action, which breaks scale invariance via the anomaly. The procedure allows to restore Weyl invariance by the field-enlarging transformation (14) and allows to extract the Wess-Zumino action up to a sign.
Following the discussion in [8] , we start by introducing the counterterm action
where µ is a regularization scale. It is this form of Γ Ct , which is part of Γ ren (9) to induce the anomaly condition
In (28) we have exploited the Weyl invariance of the non anomalous action Γ 0 [g]
with the anomaly generated entirely by the counterterm action Γ Ct [g]. This follows from the well known relations
which give
The R term in Eq. (30) is prescription dependent and can be avoided if the F -counterterm is chosen to be conformal invariant in d dimensions, i.e. using the square F d of the Weyl tensor in d dimensions (see Eq. (74)),
In fact, expanding (33) around d = 4 and computing the O(ǫ) contribution to the vev of the traced EMT we find
These formulae, combined with (30), give
in which the R term is now absent. In general, one may want to vary arbitrarily the coefficient in front of the R anomaly in (3). This can be obtained by the inclusion of the counterterm
where β fin is an arbitrary parameter, and the subscript fin stands for "finite", given that (37) is just a finite, prescription-dependent contribution. In fact, the relation
allows to modify at will the coefficient in front of R in the anomaly functional. This is obtained by adding the finite contribution (37) to the action of the theory and by tuning appropriately the coefficient β fin . When (37) is present, the overall counterterm is
and the modified trace anomaly equation reads as
Nevertheless, the contribution (37) breaks the conformal symmetry of the theory. So the only modification of the effective action which modifies the coefficient of R in the trace anomaly and is at the same time consistent with conformal symmetry is the replacement of F with F d , which removes the R anomaly altogether.
Gauging the counterterms
At this point we illustrate the practical implementation of the gauging procedure on the renormalized effective action.
It is natural to expand the gauged counterterms in a double power series with respect to ǫ = 4 − d and κ Λ ≡ 1/Λ around (ǫ, κ Λ ) = (0, 0). Their formal expansion is
It is clear that only the O(ǫ) contributions are significant. On the other hand, the condition
is immediately found to hold, due to the absence of more than four dilatons in the gauged Riemann tensor (see appendix A). Beside, all the terms that are O(1/ǫ) in (41) and are different from F (G) are found to vanish after elementary integration by parts, so that we obtain the intermediate results
Notice that the renormalization scale µ is not Weyl gauged due to the presence of the d-dimensional (rather than 4-dimensional) integration measure on the left-hand side of (43) and (44). The expressions above can be simplified using integrations by parts and the identity for the commutator of covariant derivatives of a vector
After these manipulations we find that the Weyl-gauging of the counterterms gives
Obviously, a Weyl variation applied to (46) and (47) gives zero by construction. It follows that the Wess-Zumino action can be extracted from (12)
and thus takes the form
Notice that the ambiguity in the choice of the Weyl tensor discussed above -i.e. between F and F d -implies that no dilaton vertex is expected to emerge from the gauging of the F d -counterterm, being the latter conformal invariant. This is indeed the case and we find the relation
that modifies the structure of the Wess-Zumino action and it allows to eliminate all the terms proportional to β a in (49) except for (τ /Λ) F . Finally, we remark that in the case in which a finite counterterm of the kind (37) is present, the formulae of this section are modified according to the simple prescription (see Eq. (40)),
as it is possibile to render all the quantum effective action Weyl invariant. This is obtained, as discussed above, by the Weyl-gauging of the complete counterterm
In this case the compensating Wess-Zumino action for d 4 x √ g R 2 can be generated by the relation
Comparing the result given above with (46), Eq. (51) follows immediately.
Dilaton interactions and constraints from Γ W Z
Having extracted the structure of the Wess-Zumino action and thus of the anomaly-related dilaton interactions via the Weyl-gauging of the effective action, we now follow a perturbative approach. We proceed with a Taylor expansion in κ Λ of the gauged metric which is given bŷ
where κ = √ 16 π G N , with G N the Newton constant. As we are considering only the dilaton contributions, we focus on the functional expansion of the renormalized and Weyl-gauged effective actionΓ ren [g, τ ] with respect to κ Λ . This is easily done using the relation
Applying (55) repeatedly and taking (54) into account, the perturbative series takes the form
As we are interested in the flat space limit of the dilaton action, we write (56) by taking the limit of a conformally flat background metric (ĝ µν →δ µν ≡ δ µν e −2 κΛτ ) obtaininĝ
where we have used Eq. (5) in the definition of the EMT' s correlators and the obvious relation
From (57) one may identify the expression of
written in terms of the traced n-point correlators of stress-energy tensors. This has to coincide with Eq. (49) evaluated in the conformally flat limit and given by
At this point, a comparison between the dilaton vertices extracted from (57) and (59) allows to establish a consistency condition between the first four of such vertices and a relation among the entire hierarchy of the traced correlators.
For this purpose we denote by I n (x 1 , . . . , x n ) the dilaton vertices obtained by functional differentiation of Γ ren [δ]
in coordinate space, which we can promptly transform to momentum space. The expressions of such vertices for the first five orders in κ Λ are given by
These can be extended to any higher order. We pause for a moment to clarify the notation used in (61) for the organization of the momenta and the meaning of the symbol T . For example T {4, (k i1 , k i2 )} denotes the six pairs of distinct momenta in the case of the four point functions
where we are combining the 4 momenta k 1 , ...k 4 into all the possible pairs, for a total of 4 2 terms. With five
while the possible triples are
As we move to higher orders, the description of the momentum dependence gets slightly more involved and we need to distribute the external momenta into two pairs. The notation T {5, [(k i1 , k i2 ), (k i3 , k i4 )]} denotes the set of independent paired couples which can be generated out of 5 momenta. Their number is 15 and they are given by
It is obvious that a direct computation of I 2 , I 3 and I 4 from the anomaly action (59) allows to extract the explicit structure of these vertices in momentum space
(with k
). These relations can be used together with (57) in order to extract the structure of the 2-3-and 4-point functions of the traced correlators, which are given by
where we have introduced the compact notation
The third and fourth order results, in particular, were established in [12] via the explicit computation of the first three functional derivatives of the anomaly A[g] and exploiting recursively the hierarchical relations (8) .
It is quite immediate to realize that the hierarchy in Eq. (8) can be entirely re-expressed in terms of the first four traced correlators. For this purpose, one has just to notice that Γ W Z [δ] is quartic in τ , with I n = 0, for n ≥ 5. Therefore, for instance, the absence of vertices with 5 dilaton external lines, which sets I 5 = 0, combined with the 4 fundamental traces in (67), are sufficient to completely fix the structure of the 5-point function, which takes the form
where f 5 is defined as
The construction that we have outlined can be extended to any arbitrary n-point function of traced stress-energy tensors. These relations can be checked in their consistency by a direct comparison with their equivalent expression obtained directly from the hierarchy (8) . In general this requires the computation of functional derivatives of the anomaly functional A up to the relevant order. One can check by a direct computation using (8) the agreement with (69) up to the 5-th order. All the results given in this section can be easily generalized with the inclusion of a counterterm (37), using the prescription (51), as discussed above.
Conclusions
Our analysis has the simple goal of showing that the infinite hierarchy of fully traced correlation functions generated by the anomaly constraint in a generic conformal field theory in even dimensions has as fundamental building blocks only the first few correlators. For instance, in d = 4 only correlators with 2, 3 and 4 traces are necessary to identify the entire hierarchy. This result can be simply derived from the structure of the Wess-Zumino action, which only contains dilaton interactions up to the quartic order. Non anomalous terms, which are homogenous under Weyl transformations and can be of arbitrarily higher orders in τ , do not play any role in this construction. The WessZumino action is determined, in general, by the Noether method, where the dilaton is coupled directly to the anomaly and corrections are included in order to take care of the Weyl non-invariance of the functional. Alternatively, the same action is fixed by the cocycle condition, which shows that its functional dependence on the dilaton field takes place via the Weyl-gauging of the metric tensor. In our analysis we have introduced an expression of the anomaly-induced action in which the anomaly contribution is generated directly by the counterterms, evaluated in DR. This form of the action can be of significant help in the investigation of renormalization group flows in several dimensions, as we are going to show elsewhere.
A Conventions
The definition of the Fourier transform for Eq. (5) as well as for any n-point object is given by 
The traceless part of the Riemann tensor in d dimensions is the Weyl tensor,
(g αγ g βδ − g αδ g βγ ) .
Its square F d is given by
Its d = 4 realization, called simply F , appears in the trace anomaly equation (3) . The Euler density for d = 4 is instead
In the gauging of the counterterms we use the following relationŝ
We use the variations of the Christoffel symbols δΓ α βγ = 1 2 g αλ − ∇ λ (δg βγ ) + ∇ γ (δg βλ ) + ∇ β (δg γλ ) ,
Specializing to the case of Weyl transformations, for which δ W g µν = 2σg µν , these formulae give the variations
Using the Palatini identity 
we obtain the expressions for the Weyl variations of the Riemann and Ricci tensors
In order to cancel second line in the integrand in (88) we correct with the second ansatz
